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Abstract

Various phenomenological models of particle multiplicity distributions are discussed using a
general form of a unified model which is based on the grand canonical partition function and
Feynman’s path integral approach to statistical processes. These models can be written as special
cases of a more general distribution which has three control parameters which are a, x, z. The relation
to these parameters to various physical quantities are discussed. A connection of the parameter a with
Fisher’s critical exponent τ is developed. Using this grand canonical approach, moments, cumulants
and combinants are discussed and a physical interpretation of the combinants are given and their
behavior connected to the critical exponent τ . Various physical phenomena such as hierarchical
structure, void scaling relations, Koba–Nielson–Olesen or KNO scaling features, clan variables, and
branching laws are shown in terms of this general approach. Several of these features which were
previously developed in terms of the negative binomial distribution are found to be more general.
Both hierarchical structure and void scaling relations depend on the Fisher exponent τ . Applications
of our approach to the charged particle multiplicity distribution in jets of L3 and H1 data are given.
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Table 1
Various models with specific choice of αk = k and xk in hypergeometric series F(a,b; c; z) of Eq. (44). Here
k = 0 is not included, and thus f0 = lnZ =∑∞

k=1 xk = xzF(a,b; c; z). Here 1 � k � N with N → ∞ except
for Poisson which has a finite Nx. Fisher exponent τ for each xk as discussed in Section 2.3 are given too

Model xk f0(�x) = lnZ a b c τ

Poisson (P) Nxδk,1 or x for k = 1,2, . . . ,N Nx = Ā

Geometric (Geo) xzk xz
1−z

a 1 a 0

Negative binomial (NB) 1
k xz

k −x ln(1 − z) 1 1 2 1

Signal/Noise (SN) (y + x
k
)zk

yz
1−z

− x ln(1 − z)

Lorentz/Catalan (LC) 1
k

2−2(k−1)(2(k−1)
k−1

)

xzk 2x[1 − (1 − z)1/2] 1
2 1 2 3/2

Hypergeometric (HGa)
[a]k−1

k! xzk x
1−a

[1 − (1 − z)1−a] a 1 2 2 − a

Random walk–1d (RW1D) 2−2(k−1)(2(k−1)
k−1

)

xzk xz(1 − z)−1/2 1
2 1(b) 1(b) 1/2

Random walk–2d (RW2D)
[

2−2(k−1)(2(k−1)
k−1

)]2
xzk xzF( 1

2 ,
1
2 ;1; z) 1

2
1
2 1 1

Generalized RW1D (GRW1D)
[a]k−1
(k−1)! xz

k xz(1 − z)−a a b b 1 − a

Generalized RW2D (GRW2D)
[ [a]k−1
(k−1)!

]2
xzk xzF(a,a;1; z) a a 1 2(1 − a)

has in its weight a shifted Catalan number divided by 22(k−1), that is [1/2]k−1
k! = 2−2(k−1)Ck ,

beside the xzk factor which is the weight for Geo model. The Catalan numbers given
by Ck+1 =

(2k
k

)

/(k + 1) are 1,2,5,14, . . . for k = 1,2,3,4, . . . and the shifted Catalan

numbers given by Ck =
(2(k−1)

k−1

)

/k are 1,1,2,5,14, . . . . The importance of this factor
appears in percolation or splitting dynamics [38,39] which uses ancestral or evolutionary
variables.

Of all these distributions, the NB has been the most frequently studied. Ref. [40] gives
several sources for its origin. These sources include sequential processes, self-similar
cascade models and connections with Cantor sets and fractal structure, generalizations of
the Planck distribution, solutions to stochastic differential equations. Becattini [41] have
shown that the NB distribution arises from decaying resonances. The α model of Ref. [8],
which is a self similar random cascade process, leads to a NB like behavior. The stochastic
aspects of the NB distribution have been discussed by Hwa [42]. Hegyi [43] has discussed
the NB distribution in terms of combinants. The LC model can be connected to a Ginzburg–
Landau approach [39] and also has an underlying splitting or branching dynamics and
cascade like features with a branching probability p and survival probability (1 − p).

As can be seen from the arguments of the hypergeometric function F(a, b; c; z) in
Table 1, the hypergeometric model with b = 1 and c = 2 (HGa) include Geo, NB, SN,
LC as a special case of HGa depending on the value of a. Other models listed in Table 1
are based on random walks. The use of random walk results was originally due to Feynman
[44] in his description of the phase transition in liquid helium. The random walk aspects
arise when considering the closing of cycle of length k. We include them for completeness.
Since the random walk in 1-dimension (RW1D) is the same as LC except the missing 1/k
dependence compared to LC, RW1D can be extended to a generalized RW1D (GRW1D)
similar to the generalization of LC to HGa. A random walk model in 2-dimension has an
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Table 3
Various cumulants of charged particle multiplicity distribution of jets for L3 data (all events of e+e−) [48] and H1 data (pseudorapidity range 1 < η∗ < 5 with
80 GeV <W < 115 GeV of e+p) [49] compared with models having the same mean and fluctuation

Model a x z 〈n〉 ξ κ3 χ chi2

L3 data 20.463±0.003 0.044238±0.00009 0.008158±0.00007

HGa 0.5 (LC) 18.948 0.64419 20.463 0.044238 0.005871 0.74726 0.00066

1.0 (NB) 22.605 0.47514 20.464 0.044238 0.003914 0.71208 0.00085

2.0 (Geo) 31.123 0.31159 20.463 0.044238 0.002936 0.68841 0.00098

0.31559 18.007 0.74150 20.463 0.044238 0.008158 0.77636 0.00054

GRW1D 0.14006 20.905 0.66088 20.463 0.044239 0.008158 0.78558 0.00051

H1 data 7.7210±0.043 0.069186±0.0053 −0.000764±0.0065 0.73242

HGa 0.5 (LC) 10.394 0.51653 7.7210 0.069186 0.014360 0.82028 0.00016

1.0 (NB) 14.454 0.34819 7.7210 0.069186 0.009573 0.80122 0.00012

2.0 (Geo) 22.814 0.21079 7.7210 0.069186 0.007180 0.78921 0.00010

3.0 31.244 0.15115 7.7210 0.069186 0.006382 0.78470 0.00010

GRW1D −0.85160 −4.4150 −0.81168 7.7211 0.069185 −0.000764 0.72375 0.00014
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Fig. 4. KNO plot of 〈n〉Pn for fixed 〈n〉 = 10 and 20 for a = 1/2,1,2,3,4.

Fig. 5. Charged particle multiplicity distribution in jets of L3 data [48] and H1 data [49]. The crosses are the data
and the curves are the fits with HGa and GRW1D given in Table 3. The thick solid curves are the GRW1D fit,
the thick dashed curves are LC model, the thin solid curves for NB model, the thin dashed curves for Geo model.
The dash-dotted curves are for HGa model with a = 0.31559 for L3 data and with a = 3.0 for H1 data.
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4. Conclusion

Event-by-event studies from high energy collisions are being used to study the details
of particle multiplicity distributions as, for example, those associated with pions. Such
studies not only give information about the mean number of particles produced, but also
information about fluctuations and higher order moments of the probability distribution
which are important tools for studying the underlying processes and mechanisms that
operate. They are also useful in distinguishing various phenomenological models. Issues
associated with fluctuations play an important role in many areas of physics and
departures from Poisson statistics are of current interest. One purpose of this paper
was an investigation of various models of particle multiplicity distributions that can be
used in event-by-event analysis. These various phenomenological models are developed
using a general form of a unified model which is based on a grand canonical partition
function and an underlying weight arising from Feynman’s path integral approach to
statistical processes. A resulting distribution has three control parameters called a, x, z.
The relationships of these parameters to various physical quantities are discussed. One
important result is the connection of the parameter a to the Fisher exponent τ ; namely
τ = 2 − a for a generalized hypergeometric model called HGa. This connection arises
from a parallel we developed between the model for particle multiplicity distributions
considered here and our previous approach to cluster yields. Since an exact description
of particle multiplicity distributions is not known, we have considered several cases with
different τ ’s or a’s which are contained in our unified description. Moreover, many of the
existing distributions currently used in particle phenomenology are shown to be special
choices of τ or a which appear in HGa. These include the Poisson distribution coming
from coherent emission, chaotic emission producing a negative binomial distribution,
combinations of coherent and chaotic processes leading to signal/noise distributions and
field emission from Lorentzian line shapes producing the Lorentz/Catalan distribution
called LC. Using the HGa model combinants, cumulants and moments are discussed
and a physical significance is given to combinants in terms of the underlying partition
weights of a Feynman path integral approach to statistical processes. The parameter a or
Fisher exponent τ is shown to play an important role in the behavior of the combinants
which manifest itself in various physical relationships. The HGa model and its associated
special cases are used to explore a wide variety of phenomena. These include: linked
pair approximations leading to hierarchical scaling relations on the reduced cumulant
level, generalized void scaling relations, clan variable descriptions and their connections
with stochastic variables and branching processes, KNO scaling behavior, enhanced non-
Poissonian fluctuations. Models based on an underlying random walk description are also
discussed.

In this paper we compared various particle multiplicity distributions within the
hypergeometric model HGa. Our results show that even though various distributions have
the same mean and fluctuation, the distribution itself or the underlying mechanism could be
different. Comparisons within the HGa model also show that just comparing void variables
χ and ξ or mean n̄ and fluctuation f2 or σ is not enough to distinguish different models
that describe particle multiplicity data. Thus, to find the correct distribution and underlying
mechanism from various data more information than just the mean and fluctuation are
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necessary and new variables should be found which are quite different between different
models. For example, it is known [23,31] that higher order reduced factorial cumulants
also need to be evaluated such as the third order cumulant κ3.

Applications of our approach to the charged multiplicity data of L3 and H1 are given.
The mean 〈n〉, fluctuation variable ξ , void scaling variable χ , and third order reduced
cumulant variable κ3 obtained from these experiments are compared with various models
discussed in this paper. Both the HGa and GRW1D models, which have very similar
multiplicity distributions as shown in Fig. 5, can fit the charged multiplicity data of L3.
The HGa model can fit the H1 data up to its second order cumulant. However, it cannot
give a negative third order cumulant. A small negative third order cumulant may be present
in the H1 data reflecting an asymmetric distribution about a 〈n〉 with the n < 〈n〉 probability
distribution spread out more than the n > 〈n〉 probability distribution. However, because
of the very large error bars, positive values of κ3 are not excluded and therefore no definite
conclusions can be made about the applicability of an HGa model. The GRW1D model can
accommodate a negative third order cumulant and more generally the oscillatory feature
of the cumulants when a is taken as negative. This also requires a negative x and z. These
properties associated with oscillatory features require further study.

In this paper we have also generalized the compound distribution that arises from se-
quential process which may reveal the dynamical structure of the distribution. Specifically,
the underlying sequential picture involves a two-step process where the final distribution
arises from the production of clusters followed by a subsequent decay of the clusters. For
the HGa model, the final distribution is obtained from compounding a Poisson distribu-
tion of clusters with a NB distribution coming from the decay of each of the clusters. The
HGa may arise through a three-step sequential process of Poisson–Poisson–Logarithmic
compound distribution. It is also shown that the HGa can arise from a two-step sequential
process of a NB distribution followed by a new HGa with a different mean value.

This work was supported in part by Grant No. 2001-1-11100-005-3 from the Basic
Research Program of the Korea Science and Engineering Foundation and in part by the
DOE Grant No. DE-FG02-96ER-40987.

Appendix A. Sequential procedures and compound Poisson distributions

In general, the underlying picture for a sequential process involves a two-step procedure
in which the observed particles arise from the production of “clusters” with the subsequent
decay of each cluster producing its distribution of particles. The final distribution is ob-
tained by compounding the probability distribution of the clusters with another distribution
coming from each cluster and summing over clusters. Specifically, the observed particles
or members in system arise from production of M = c clusters with probability distribu-
tion Pc . This is sequentially followed by each cluster decaying into kα particles with the
probability Pkα with α = 1,2, . . . , c. The probability of observing n =∑

k knk =∑

α kα
particles is then obtained by a compound probability expression

Pn =
∑

c

∑

{kα}
Pc

c
∏

α=1

Pkα . (A.1)
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